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Bayesian techniques are developed to investigate a multiplicative treatment effect
when data samples on a control and a treatment are available. The random variables
are assumed to follow highly skewed gamma distributions with the same shape param-
eters. The data sample is from a randomized airborne pyrotechnic seeding experiment
on 52 isolated cumulus clouds in south Florida, half of which were massively injected
with silver iodide smoke and the other untreated half were identically observed. The
physical hypothesis is that massive seeding can, under specified conditions, invigorate
cloud growth and thereby cause increased precipitation. The random variables com-
pared are seeded and unseeded rain volume, measured by means of calibrated radar.
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1. INTRODUCTION

The statistical analysis of weather modification
experiments requires, in many instances, a multi-
plicative treatment effect model in the presence of a
highly skewed distribution. The present article de-
velops a Bayesian analysis based on the above con-
ditions when two independent data sets are avail-
able, one giving independent replications on a control
and the other independent replications on a treat-
ment. The purpose of the experimentation and an-
alysis is to obtain information concerning the most
probable values of the multiplicative effect and, if
possible, to. make a definitive statement about
whether there is a positive treatment effect.

The analysis and experimental data are the result
of a series of weather modification experiments con-
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ducted in south Florida from 1968 to 1972. These
experiments were designed to test a hypothesis
called “dynamic seeding” in which it is postulated
that massive silver iodide seeding can, under speci-
fied conditions, lead to invigorated cumulus growth
and prolonged lifetimes, thereby increased processing
of water, and augmented precipitation. The ex-
periments were guided by a numerical simulation
of cumulus growth, [7, 8] which specified suitable
conditions in terms of a “seedability’” parameter,
defined as the difference in predicted maximum
height of seeded versus unseeded clouds. The design
execution and meteorological evaluation of the ex-
periments have been published elsewhere [9, 10, 11].
The experimental unit in this series was an isolated,
growing cumulus cloud. The random variable studied
here is the rain volume falling from the cloud after
the ‘“seeding” run, measured by means of cali-
brated radar. “Seeding” runs were made in both
seeded and control clouds since the experimenters
were unaware whether the flare rack was armed and
therefore whether or not the cloud was undergoing
seeding.

In numerous studies concerned with the measure-
ment of precipitation, it has been found that the
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data are well described by the gamma distributions
[1, particularly bibliography].

With the current sample (see Table 1), it was
shown that a gamma distribution with a shape
parameter less than one was a satisfactory fit to
the data [6]. There is an indication [2] that the dis-
tribution of rainfall amounts may be slightly more
“heavy tailed” than the gamma distribution allows.
However, the relatively small data sets restrict any
definite conclusion. The hypothesized multiplicative
treatment effect is supported by the quantile-quan-
tile plot of Figure 1. The value 1 has been added to
the pairs of ordered data for display purposes. Since
the shift of the points from the line ¥ = X could
be described by a parallel line, the plot lends support
to the multiplicative assumptions. Moreover, the
coefficients of variation for the control and seeded
data sets, 1.34 and 1.25 respectively, are approxi-
mately equal supporting the assumption that the
treatment effect is multiplicative.

Previous investigators have used two-sample non-
parametric techniques [5, 11], data transformations
to obtain approximate normality and/or an additive
effect and an asymptotically optimal C(a) test
developed by Neyman and Scott [3] under the as-
sumptions utilized here.

2. ExPERIMENTAL CONDITIONS AND Basic MODEL

In any experiment it is necessary to define the
basic unit upon which a treatment may be applied
and the appropriate measurement is to be taken.
As applied here, the experimental unit is defined in
terms of preset conditions intended to make the
units as homogeneous as possible. In south Florida,
days with satisfactory model-predicted ‘“seedability”’
(potential seeded growth greater than about 1lkm)

TasLe 1—Single Cloud Data for 1968 and 1970
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are generally fair weather conditions with adequate
numbers of apparently similar isolated cumulus
clouds growing and dissipating. A cloud is selected
as a ‘“‘go” cloud if its top is rising, is at a height
between about 5.5 and 8 km, and has a liquid water
content greater than about 0.5 gm m™* in the cloud
droplet size range. The physical rationale of these
criteria have been extensively described in the
meteorological literature (9, 10, 11].

Once an experimental unit is determined to be
eligible for the experiment, a randomized decision
is made to determine if the unit is to be subjected to
the treatment or left as a control. In either case, the
appropriate set of observations are taken. Let the
random variable X represent the response measured
on an experimental unit designated to receive the
control, and let the random variable ¥ represent the
response measured on an experimental unit desig-
nated to receive the treatment. In this analysis, the
response in question is the total rain volume falling
from cloud base following the “seeding’’ penetration
by the aircraft. Numerous other variables were
measured to test parts of the physical hypothesis
and the numerical simulation; these are described
elsewhere [10, 11]. The resulting set of data to be
analyzed here consists of 26 control observations and
26 seeded, i.e. treated observations.

Let the control observations be designated as x =
(&1, +-+, ¥,) assumed to be drawn from a popula-
tion with the gamma density

p(e/a, B) = s e

where @ > 0, 8. > 0, £ > 0. Similarly let the seeded
observations be y = (y, , -, ¥,) from a gamma

Rain Volume for Total Cloud Lifetime

(acre-ft)

Seeded Clouds

Control Clouds

129.6 17.5 1697.8 26.1
31.4 200.7 334.1 26.3
2745.6 274.7 118.3 87.0
489.1 274.7 255.0 95.0
430.0 7.7 115.3 372.4
302.8 1656.0 242.5 0.0(1)
119.0 978.0 32.7 17.3
4.1 198.6 40.6 24.4
92.4 703.4 11.5

321.2 4.9
68.5 4.9
81.2 AN
47.3 29.0
28.6 163.0
830.1 244.3
345.5 147.8

1202.6 21.7
36.6
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population with the same shape parameter a but with
a possibly different scale parameter g8, .

If the expected values of X and Y are given by
. = a/B. and uy = a/B;, then the parameter of
interest to the experimenter is defined as 8 = u;/u. .
In terms of the scale parameters of the distributions
Br = B./8 so that 6 corresponds to a scale change.
Moreover the distribution of 6X is the same as the
distribution for Y. Under these conditions 6 is the
factor by which hypothetically, the treatment mul-
tiplies the average response that would occur if the
treatment had not been applied to the experimental
unit. Thus, 6 = 1 means no treatment effect, while
6 = 1.4 means a 40 per cent increase duc to the
treatment.

From the definition of 8 and its connection to the
scale parameters, the probability model can be
parameterized in the more convenient form

aayzx—le—(avlﬂu:)
I'(a@)u.* 0°

The control density is the special case when 8 = 1.

py/a, p. , 0) = y>0

This formulation for the parameters is useful since
it directly incorporates the parameter 8 of interest
to the meteorologist and the parameter p. is in a
form that allows the meteorologist to assess his
prior knowledge concerning the parameter.

The likelihood function is easily seen to be prop-
ortional to

l(xl y/a, p'c ) 0)

Na - ma - ha
a * exp {[mg, + ngJa — % . 7 0#5}

T(@)"u""6"" exp {mg. + ng,}

o«

where &, § are the arithmetic sample means; ¢, , ¢,
are the arithmetic sample means of the natural
logarithms of the data; and N = n + m. Further-
more, the set {mg, 4+ ng,, £, §} forms a sufficient
statistic for the parameters (e, u. , ). If « is known,
then the sample means are sufficient for (u., 6)
so that the assumption of a being known effectively
says that the dispersion of the distributions is
known.
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SEEDED CLOUD RAINFALL

Ficure 1—Quantile-Quantile logarithmic plot of seeded cloud rainfall versus control cloud

rainfall.
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3. ASSESSMENT OF PRrIOR DENSITY FOR (a. u., 6)
AND POSTERIOR ANALYSIS

In assessing the joint prior density for (a, u., 6)
the major assumption is that the parameters are
independent under the experimental conditions pre-
viously described. For u, and 6, while it is true that
the same seeding effect is not expected for ‘“‘wet”
clouds and “dry”’ clouds, the “seedability’ criterion
was designed to select a middle class of clouds for
which one would expect the dynamic seeding to have
an effect and that this effect would be a constant
multiplicative effect.

The prior selected is the joint improper prior

plaype,0) « 1/61/p. 6> 0,u.>0,0.1 <a<3.0.

This selection represents diffuse or ‘““vague’” prior
information for u, and 6 and a locally flat prior for
a in the range [0.1, 3.0]. The priors selected for 6
and p, result in uniform priors for log 4 and log u.
and are in some sense diffuse.

The posterior density with this prior is prop-
ortional to

p(a7 #C ’ B/X} y)

o @ exp {[mg, + ng,Ja — mad/u, — nag/(6u.))
P(a)N#CNa+10na+l
where 6 > 0, p. > 0, 0.1 < « < 3.0. Straight-

forward integrations can be performed, using knowl-
edge of the gamma and beta integrals, to derive the

forms of the marginal densities of (a, 6) and a. The
marginal density of 6, which is the one of interest,
must be obtained numerically. This is readily ac-
complished using the marginal density

ple, 0/%,y)

. &XP {[mg. 4+ ng,Ja + In I'(Na) — N In I'(a)}
g (mx + ng/o)"°

in connection with one and two dimensional numer-
ical integration. The only difficulty in the integra-
tion is the necessity for an approximation to In I'(a),
which may be found in most good mathematical
handbooks.

Figure 2 shows the marginal posterior density for
the seeding effect parameter . The posterior mode is
2.4, the mean is 2.87 and the standard deviation is
1.10. The posterior indicates that there remains a
great deal of uncertainty concerning a point estimate
of the magnitude of the sceding effect. However,
there is less than one percent of the posterior density
below one and the 959, equal tail integrated prob-
ability interval is 1.24 < 6 < 5.51. Based on this
the authors conclude that there is a positive seeding
effect for single clouds and a tentative estimate of
its magnitude is the modal value 2.4.

Another marginal posterior density of interest is
for the shape parameter a shown in F igure 3. Note
the symmetry and small variability around the
modal value 0.6. In previous work it was assumed
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SINGLE CLOUD EXPERIMENT
SEEDING FACTOR 6 N

——= pP(O) x Y/
p(“c)% 1/‘.1‘: T

(o) Uniform [0.1 ,3.0]
——p(6]|D) ]

Ficure 2—Posterior probability density of seeding factor 6, given the experimental data.
Prior probabilities are placed on three variables, namely 6 (proportional to 1/8), the control
population mean u. (proportional to 1/u.) and the gamma shape parameter « (uniform in the
range 0.1 to 3.0, see Figure 3). The mean of the distribution is 2.87 standard deviation 1.10.
The equal-tailed 95%, integrated probability extends from 6 = 1.24 to § = 5.51.
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PROBABILITY DENSITY DISTRIBUTION

SINGLE CLOUD DATA

OF SHAPE PARAMETER oo
——=—= p(e) Uniform[ 01,30] u

ploc |X,Y)

- 2 3

Ficurr 3—Posterior probability density of the gamma shape parameter e, given the data of
both samples. The assumed prior probability is uniform in the range 0.1 to 3.0.

that @« = 0.6 was a known parameter. This assump-
tion, which makes the analysis much simpler, re-
sulted in only a minor decrease in variability com-
pared with the present analysis. A more detailed
discussion of this previous work is contained in
Olsen [4].

4. SUMMARY AND CONCLUSIONS

A Bayesian approach has been given for the anal-
ysis of a multiplicative treatment effect when two
samples are available from a highly skewed gamma
distribution. A more meaningful parameterization
was developed and the analysis of a set of weather
modification data was given. It was concluded that
there was a positive seeding effect with a magnitude
of 2.4.

In terms of amount of water, the seed-control
rainfall differences measured in this experiment were
quite large, the difference averaging 3.3 X 10° m®
per cloud. The multiplicative seeding factor of about
2-3. is the largest that has been demonstrated in a
rain modification experiment,

Nevertheless, the experiment was primarily sci-
entific in objective and was intended to have long-
range rather than direct application to water re-
sources augmentation in Florida. The reason is that
isolated cumulus clouds, the subjects of this ex-
periment, do not provide a large fraction of Florida
precipitation, which is produced in much greater
magnitude when two or more of these cumuli join
to become a ‘“merger complex.” “Mergers” com-

monly produce 5-10 times the water volume as does
an isolated large cumulus.

Experiments using dynamic seeding in the much
more complex problem of attempting to induce
merger and determining whether multiple cloud
treatment can augment rainfall over a sizable area
began in Florida in 1970 [9]. The sample size is not
yet adequate in 1974 for a definitive estimate of
seeding factors.

5. ACKNOWLEDGMENTS

The authors gratefully acknowledge Dr. Myron
Tribus who provided the impetus for this work and
Dr. Jacques Pezier who was instrumental in the
beginning stage of the development.

REFERENCES

[1] CrutcHER, H. L., G. L. BarGer and G. F. McKay,
(1973). A note on a gamma distribution computer program
and graph paper. NOAA Tech. Report EDS 11, 92 pp.

[2] MikLke, PavL W., Jr. and E. S. Jonnson, (1974).
Some generalized beta distributions of the second kind
having desirable application features in hydrology and
meteorology. Water Resources Research, 10, 223-226.

[3] NeyMmaN, J. and E. L. Scort, (1967). Some outstanding
problems relating to rain modification. Proceedings of the
Fifth Berkeley Symposium on Mathematical Statistics and
Probability, 5, Berkeley and Los Angeles, University of
California Press, 1967, 371-384.

[4] OuseN, A. R., (1973). Development and comparison of
Bayesian and classical statistical methods as applied to
randomized weather modification experiments. NOAA
Tech. Memo. ERL WMPO-10, 51 pp.

TECHNOMETRICS®, VOL. 17, NO. 2, MAY 1975



166 ANTHONY OLSEN, JOANNE SIMPSON, AND JANE C. EDEN

[5] Scamip, P., (1967). On “Grossversuch II1,”” a randomized
hail suppression experiment in Switzerland. Proceedings
of the Fifth Berkeley Symposium on Mathematical Statis-
tics and Probability, 5, Berkeley and Los Angeles, Univer-
sity of California Press, 1967, 141-159.

[6] Simpson, J., (1972). Use of the gamma distribution in
single cloud rainfall analysis, Monthly Weather Review,
100, 309-312.

[7] SimpsoN, J. and V. WigGert, (1969). Models of pre-
cipitating cumulus towers. Monthly Weather Review,
97, 471-489.

[8] SimpsoN, J. and V. Wicgert, (1971), 1968 Florida

TECHNOMETRICSO, VOL. 17, NO. 2, MAY 1975

cumulus seeding experiment: Numerical model results.
Monthly Weather Review, 99, 87-118.

(9] Sivpson, J. and W. L. WoobLry, (1971). Seeding cumulus
in Florida: New 1970 results. Science, 172, 117-126.

[10] Simpson, J., W. L. WoobLey, H. A. Frizpman, T. W,
SvLusHER, R. S. Scmerree and R. L. Stuine, (1970).
An airborne pyrotechnic cloud seeding system and its
use. Journal of Applied Meteorology, 9, 109-122.

[11] SimpsoN, J., W. L. WoobLey, A. H. MiLLer and G. F.
Corron, (1971). Precipitation results from two random-
ized pyrotechnic cumulus seeding experiments. Journal
of Applied Meteorology, 10, 526-544.



